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Abstract
The generalized Berge-Fulkerson conjecture states that every r-graph has 2r 1-factors
such that each edge is contained in precisely two of them. This conjecture is shown to be
equivalent to the statement that every r-graph can be covered by 2r − 1 1-factors. In this
paper, we obtain, for any positive integers r ≥ 3 and k, a lower bound of the fraction of
edges covered by k 1-factors in r-graphs. Moreover, it was announced by Kaiser, Kra´l and
Norine [Unions of perfect matching in cubic graphs, Topics in Discrete Mathematics, in:
Algorithms Combin., vol. 26, Springer, Berlin, 2006, pp. 225 - 230] and completely proved
by Mazzuoccolo [Covering a cubic graph with perfect matchings, Discrete Mathematics 313
(2013) 2292 - 2296] a lower bound for the fraction of edges covered by k 1-factors in bridgeless
cubic graphs (i.e., 3-graphs). Our result extends this to r-graphs with r ≥ 3.
Keywords: r-graph; 1-factor; generalized Berge-Fulkerson conjecture
1 Introduction
Denote by V (G) the vertex set and E(G) the edge set of a graph G. For S ⊆ V (G), the set
of edges of G with precisely one end in S is denoted by ∂S. Let r be a positive integer. An
r-regular graph G is an r-graph if |∂S| ≥ r for every S ⊆ V (G) with odd cardinality. A perfect
matching of a graph G is called a 1-factor of G as well. In 1979, Seymour proposed the generalized
Berge-Fulkerson conjecture:
Conjecture 1.1 ([6]). Every r-graph has 2r 1-factors such that each edge is contained in precisely
two of them.
The excessive index χ′e(G) of an r-graph G is the minimum number of 1-factors needed to
cover E(G). Conjecture 1.1 implies:
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Conjecture 1.2 ([4]). χ′e(G) ≤ 2r − 1 for every r-graph G.
This upper bound is shown to be best possible by Mazzuoccolo. He further proved the equiv-
alence between the previous two conjectures [3]. However, it is an open question whether there
exists a positive integer k such that χ′e(G) ≤ k for every r-graph G.
Given an r-graph G, let M be the set of distinct 1-factors in G. Fix a positive integer k.
Define
m(r, k,G) = max
M1,...,Mk∈M
|
⋃k
i=1Mi|
|E(G)|
,
and
m(r, k) = inf
G
m(r, k,G),
where the infimum is taken over all r-graphs. The parameter m(r, k,G) means the maximum
fraction of the edges covered by k 1-factors in an r-graph G. Clearly, m(r, k) ≤ m(r, k + 1) ≤ 1.
Conjecture 1.2 can be reformulated as follows:
Conjecture 1.3. m(r, 2r − 1) = 1 for every integer r with r ≥ 3.
Attention to the parameter m(r, k) is paid mainly for the cubic case. Berge’s conjecture states
that m(3, 5) = 1. Moreover, Kaiser, Kra´l and Norine [2] conjectured that m(3, 2) = 35 ,m(3, 3) =
4
5
and m(3, 4) = 1415 . In the same article, they proposed a lower bound for m(3, k) as
m(3, k) ≥ 1−
k∏
i=1
i+ 1
2i+ 1
,
and verified it for the case k ∈ {2, 3}. The complete proof for this lower bound is given by
Mazzuoccolo [5]. In this paper, we obtain a lower bound for m(r, k) with r ≥ 3. More precisely,
we show that
m(r, k) ≥ 1−
k∏
i=1
(r2 − 3r + 1)i− (r2 − 5r + 3)
(r2 − 2r − 1)i− (r2 − 4r − 1)
when r is even and r ≥ 4, and
m(r, k) ≥ 1−
k∏
i=1
(r2 − 2r − 1)i− (r2 − 4r + 1)
(r2 − r − 2)i− (r2 − 3r − 2)
when r is odd and r ≥ 3. Remark that our result gives the same lower bound for bridgeless cubic
graphs.
2 The perfect matching polytope
Let G be a graph and w be a vector of RE(G). The entry of w corresponding to an edge e is
denoted by w(e), and for A ⊆ E, we define w(A) =
∑
e∈A w(e). The vector w is a fractional
1-factor if it satisfies
(i) 0 ≤ w(e) ≤ 1 for every e ∈ E(G),
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(ii) w(∂{v}) = 1 for every v ∈ V (G), and
(iii) w(∂S) ≥ 1 for every S ⊆ V (G) with odd cardinality.
Let F (G) denote the set of all fractional 1-factors of a graph G. If M is a 1-factor, then
its characteristic vector χM is contained in F (G). Furthermore, if w1, . . . , wn ∈ F (G), then any
convex combination
∑n
i=1 αiwi (where α1, . . . , αn are nonnegative real numbers summing up to
1) also belongs to F (G). It follows that F (G) contains the convex hull of all the vectors χM where
M is a 1-factor of G. The Perfect Matching Polytope Theorem asserts that the converse inclusion
also holds:
Theorem 2.1 ([1]). For any graph G, the set F (G) coincides with the convex hull of the charac-
teristic vectors of all 1-factors of G.
Besides this theorem, the following property on fractional 1-factors is also needed for the proof
of the results presented in the next section.
Lemma 2.2 ([2]). Let w be a fractional 1-factor of a graph G and c ∈ RE(G). Then G has a
1-factor M such that c · χM ≥ c ·w, where · denotes the scalar product, and |M ∩C| = 1 for each
edge-cut C with odd cardinality and with w(C) = 1.
3 Lower bounds for m(r, k)
Theorem 3.1 ([1]). For any r-graph G, there is a positive integer p such that G has rp 1-factors
and each edge is contained in precisely p of them.
This theorem is a corollary of Edmonds’s matching polytope theorem.
A lower bound for the parameter m(r, k) is implied by Theorem 3.1 as follows:
Theorem 3.2. m(r, k) ≥ 1− ( r−1
r
)k for every positive integers r and k with r ≥ 3.
Proof: (induction on k.) Since every r-graph has a 1-factor, which covers fraction 1
r
of the
edges, the proof is trivial for k = 1. We proceed to the induction step. Let G be an r-graph and
E = E(G). By the induction hypothesis, G has k − 1 many 1-factors M1, . . . ,Mk−1 such that
|
⋃k−1
i=1 Mi|
|E|
≥ 1− (
r − 1
r
)k−1. (1)
Moreover, by Theorem 3.1, there exist a positive integer p such that G has rp 1-factors F1, . . . , Frp
and each edge is contained in precisely p of them. It follows that for every X ⊆ E, graph G has
a 1-factor F among F1, . . . , Frp such that |F ∩X | ≥
|X|
r
. In particular, let X = E \
⋃k−1
i=1 Mi and
Mk = F . Thus,
|Mk ∩ (E \
k−1⋃
i=1
Mi)| ≥
|E \
⋃k−1
i=1 Mi|
r
, (2)
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that is,
|
⋃k
i=1Mi| − |
⋃k−1
i=1 Mi|
|E|
≥
1
r
(1−
|
⋃k−1
i=1 Mi|
|E|
) ≥
1
r
(
r − 1
r
)k−1, (3)
where the last inequality follows by using the inequality (1). Therefore, by summing up the
inequalities (1) and (3) we obtain
|
⋃k
i=1Mi|
|E|
≥ 1− (
r − 1
r
)k,
and so m(r, k) ≥ 1− ( r−1
r
)k by the choice of G.
Let i be a positive integer. An i-cut of a graph G is an edge cut of G with cardinality i. We
next improve the lower bound for m(r, k).
Theorem 3.3. Let G be an r-graph with V = V (G) and E = E(G).
(a) If r is even and r ≥ 4, then for any positive integer k, graph G has k 1-factors M1, . . . ,Mk
such that
|
⋃k
i=1Mi|
|E|
≥ 1−
k∏
i=1
(r2 − 3r + 1)i− (r2 − 5r + 3)
(r2 − 2r − 1)i− (r2 − 4r − 1)
and
∑k
i=1 χ
Mi(C) ≤ (r − 1)k + 2 for each (r + 1)-cut C.
(b) If r is odd and r ≥ 3, then for any positive integer k, graph G has k 1-factors M1, . . . ,Mk
such that
|
⋃k
i=1Mi|
|E|
≥ 1−
k∏
i=1
(r2 − 2r − 1)i− (r2 − 4r + 1)
(r2 − r − 2)i− (r2 − 3r − 2)
,
∑k
i=1 χ
Mi(C) = k for each r-cut C and
∑k
i=1 χ
Mi(D) ≤ rk + 2 for each (r + 2)-cut D.
Proof: (induction on k).
Statement (a). The statement holds for k = 1, since the required M1 can be an arbitrary
1-factor of G. Assume that k ≥ 2. By the induction hypothesis, G has k − 1 many 1-factors
M1, . . . ,Mk−1 such that
|
⋃k−1
i=1 Mi|
|E|
≥ 1−
k−1∏
i=1
(r2 − 3r + 1)i− (r2 − 5r + 3)
(r2 − 2r − 1)i− (r2 − 4r − 1)
and
k−1∑
i=1
χMi(C) ≤ (r − 1)(k − 1) + 2 (4)
for each (r + 1)-cut C.
For e ∈ E, let n(e) denote the number of 1-factors among M1, . . . ,Mk−1 that contains e, and
define
wk(e) =
(r − 2)k − (r − 4)− n(e)
(r2 − 2r − 1)k − (r2 − 4r − 1)
.
We claim that wk is a fractional 1-factor of G, that is, wk ∈ F (G). Since k ≥ 2, r ≥ 4 and
0 ≤ n(e) ≤ k − 1, we can deduce that 1
r+3 < wk(e) < 1. Moreover, note that for every X ⊆ E,
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the equality
∑
e∈X n(e) =
∑k−1
i=1 χ
Mi(X) always holds and so
wk(X) =
∑
e∈X
wk(e) =
[(r − 2)k − (r − 4)]|X | −
∑k−1
i=1 χ
Mi(X)
(r2 − 2r − 1)k − (r2 − 4r − 1)
. (5)
Thus for v ∈ V , since
∑k−1
i=1 χ
Mi(∂{v}) = k − 1, we have wk(∂{v}) =
[(r−2)k−(r−4)]r−(k−1)
(r2−2r−1)k−(r2−4r−1) = 1.
Finally, let S ⊆ V with odd cardinality. Since G is an r-graph, we have |∂S| ≥ r. On the other
hand, by recalling that wk(e) >
1
r+3 for each edge e, we have wk(∂S) > 1 provided by |∂S| ≥ r+3.
Hence, we may next assume that |∂S| = r + 1 by the parity. Since in this case S is a (r + 1)-cut,
formula (4) implies
∑k−1
i=1 χ
Mi(∂S) ≤ (r− 1)(k− 1)+2, and thus with the help of formula (5), we
deduce wk(∂S) ≥
[(r−2)k−(r−4)](r+1)−[(r−1)(k−1)+2]
(r2−2r−1)k−(r2−4r−1) = 1. This completes the proof of the claim.
By Lemma 2.2, graph G has a 1-factor Mk such that
(1− χ
⋃
k−1
i=1
Mi) · χMk ≥ (1− χ
⋃
k−1
i=1
Mi) · wk.
Since the left side is just |
⋃k
i=1Mi|−|
⋃k−1
i=1 Mi| and the right side equals to
(r−2)k−(r−4)
(r2−2r−1)k−(r2−4r−1)(|E|−
|
⋃k−1
i=1 Mi|), it follows that
|
k⋃
i=1
Mi| ≥
(r2 − 3r + 1)k − (r2 − 5r + 3)
(r2 − 2r − 1)k − (r2 − 4r − 1)
|
k−1⋃
i=1
Mi|+
(r − 2)k − (r − 4)
(r2 − 2r − 1)k − (r2 − 4r − 1)
|E|,
which leads to
|
⋃k
i=1Mi|
|E|
≥ 1−
k∏
i=1
(r2 − 3r + 1)i− (r2 − 5r + 3)
(r2 − 2r − 1)i− (r2 − 4r − 1)
,
as desired.
Moreover, let C be an edge cut with cardinality r + 1. Clearly, χMk(C) ≤ r + 1. Thus, if
∑k−1
i=1 χ
Mi(C) ≤ (r − 1)(k − 1) then
∑k
i=1 χ
Mi(C) ≤ (r − 1)k + 2, as desired. By the formula
(4) and the parity, we may next assume that
∑k−1
i=1 χ
Mi(C) = (r − 1)(k − 1) + 2. In this case,
we calculate from formula (5) that wk(C) = 1. Thus χ
Mk(C) = 1 by Lemma 2.2, which yields
∑k
i=1 χ
Mi(C) = (r− 1)k− r+4 < (r− 1)k+2, as desired. This completes the proof of statement
(a).
Statement (b). Let w1 be a vector of R
E defined by w1(e) =
1
r
for e ∈ E. Clearly, w1 ∈ F (G).
By Lemma 2.2, G has a 1-factorM1 such that χ
M1(C) = 1 for each edge cut C with odd cardinality
and with w1(C) = 1, that is, for each r-cut C. Therefore, the statement is true for k = 1.
Assume k ≥ 2. By the induction hypothesis, G has k − 1 many 1-factors M1, . . . ,Mk−1 such
that
|
⋃k−1
i=1 Mi|
|E|
≥ 1−
k−1∏
i=1
(r2 − 2r − 1)i− (r2 − 4r + 1)
(r2 − r − 2)i− (r2 − 3r − 2)
,
and for each r-cut C
k−1∑
i=1
χMi(C) = k − 1, (6)
and for each (r + 2)-cut D
k−1∑
i=1
χMi(D) ≤ r(k − 1) + 2. (7)
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For e ∈ E, let n(e) denote the number of 1-factors among M1, . . . ,Mk−1 that contains e, and
define
wk(e) =
(r − 1)k − (r − 3)− 2n(e)
(r2 − r − 2)k − (r2 − 3r − 2)
.
We claim that wk ∈ F (G). Since k ≥ 2, r ≥ 3 and 0 ≤ n(e) ≤ k − 1, we can deduce that 0 <
1
r+4 < wk(e) < 1. Moreover, note that for every X ⊆ E, the equality
∑
e∈X n(e) =
∑k−1
i=1 χ
Mi(X)
always holds and so
wk(X) =
[(r − 1)k − (r − 3)]|X | − 2
∑k−1
i=1 χ
Mi(X)
(r2 − r − 2)k − (r2 − 3r − 2)
. (8)
Thus for v ∈ V , since
∑k−1
i=1 χ
Mi(∂{v}) = k − 1, we have wk(∂{v}) =
[(r−1)k−(r−3)]r−2(k−1)
(r2−r−2)k−(r2−3r−2) = 1.
Finally, let S ⊆ V with odd cardinality. Since G is an r-graph, |∂S| ≥ r. On the other hand,
by recalling that wk(e) >
1
r+4 for each edge e, we have wk(∂S) > 1 provided by |∂S| ≥ r + 4.
Hence, we may next assume that either |∂S| = r or |∂S| = r + 2 by parity. In the former case,
formula (6) implies
∑k−1
i=1 χ
Mi(∂S) = k − 1, and thus we can calculate from formula (8) that
wk(∂S) = 1. In the latter case, formula (7) implies
∑k−1
i=1 χ
Mi(∂S) ≤ r(k − 1) + 2 and similarly,
we get wk(∂S) ≥
[(r−1)k−(r−3)](r+2)−2[r(k−1)+2]
(r2−r−2)k−(r2−3r−2) = 1. This proves the claim.
By Lemma 2.2, graph G has a 1-factor Mk such that
(1− χ
⋃
k−1
i=1
Mi) · χMk ≥ (1− χ
⋃
k−1
i=1
Mi) · wk.
Since the left side is just |
⋃k
i=1Mi|−|
⋃k−1
i=1 Mi| and the right side equals to
(r−1)k−(r−3)
(r2−r−2)k−(r2−3r−2) (|E|−
|
⋃k−1
i=1 Mi|), it follows that
|
k⋃
i=1
Mi| ≥
(r − 1)k − (r − 3)
(r2 − r − 2)k − (r2 − 3r − 2)
|E|+
(r2 − 2r − 1)k − (r2 − 4r + 1)
(r2 − r − 2)k − (r2 − 3r − 2)
|
k−1⋃
i=1
Mi|,
which leads to
|
⋃k
i=1Mi|
|E|
≥ 1−
k∏
i=1
(r2 − 2r − 1)i− (r2 − 4r + 1)
(r2 − r − 2)i− (r2 − 3r − 2)
,
as desired.
Moreover, let C be an edge cut of cardinality r. Formula (6) implies
∑k−1
i=1 χ
Mi(C) = k − 1.
On the other hand, We can calculate from formula (8) that wk(C) = 1, and thus χ
Mk(C) = 1 by
Lemma 2.2. Therefore,
∑k
i=1 χ
Mi(C) = k, as desired.
We next let D be an edge cut of cardinality r + 2. Clearly, χMk(D) ≤ r + 2. Thus if
∑k−1
i=1 χ
Mi(D) ≤ r(k − 1), then
∑k
i=1 χ
Mi(D) ≤ rk + 2, as desired. By the formula (7) and
the parity, we may next assume that
∑k−1
i=1 χ
Mi(D) = r(k − 1) + 2. By calculation we can get
wk(D) = 1, and thus χ
Mk(D) = 1 by Lemma 2.2, which also yields
∑k
i=1 χ
Mi(D) ≤ rk + 2. This
completes the proof of this theorem.
Corollary 3.4. Let r and k be two positive integers with r ≥ 3. If r is even then
m(r, k) ≥ 1−
k∏
i=1
(r2 − 3r + 1)i− (r2 − 5r + 3)
(r2 − 2r − 1)i− (r2 − 4r − 1)
,
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and if r is odd then
m(r, k) ≥ 1−
k∏
i=1
(r2 − 2r − 1)i− (r2 − 4r + 1)
(r2 − r − 2)i− (r2 − 3r − 2)
.
4 Final remarks
The following table partly lists the data calculated according to the formulas in Corollary 3.4 for
instance of r and k.
r = 3 r = 4 r = 5
m(r, 2) ≥ 35 = 0.6
9
20 = 0.45
13
35 ≈ 0.3714
m(r, 3) ≥ 2735 ≈ 0.7714
3
5 = 0.6
409
805 ≈ 0.5081
m(r, 4) ≥ 5563 ≈ 0.873
103
145 ≈ 0.7103
793
1288 ≈ 0.6157
m(r, 5) ≥ 215231 ≈ 0.9307
344
435 ≈ 0.7908
4621
6601 ≈ 0.7
m(r, 6) ≥ 413
429
≈ 0.9627 1588418705 ≈ 0.8492
25283
33005 ≈ 0.766
m(r, 7) ≥ 6307
6435
≈ 0.9801 138949155875 ≈ 0.8914
69221
84665 ≈ 0.8176
m(r, 8) ≥ 12027
12155
≈ 0.9895 2730303
2961625
≈ 0.9219 12346721439305 ≈ 0.8578
m(r, 9) ≥ 45933
46189
≈ 0.9945 44725797
47386000
≈ 0.9439 17917912015027 ≈ 0.8892
Table 1: A lower bound for the parameter m(r, k)
By a similar argument as the proof for Theorem 3.2, we can obtain the following observation.
Observation 4.1. If the generalized Berge-Fulkerson conjecture is true, then for every integers r
and k with r ≥ 3 and 1 ≤ k ≤ 2r − 1,
m(r, k) ≥ 1−
k∏
i=1
2r − 1− i
2r + 1− i
.
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